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Abstract. In rotationally symmetric domains, the Boltzmann equation with specular 
reflection boundary condition has a special type of equilibrium states called the rotational 
local Maxwellian which, unlike the uniform Maxwellian, has an additional term related 
to the angular momentum of the gas. In this paper, we consider the initial boundary 
value problem of the Boltzmann equation near the rotational local Maxwellian. Based on 
the L 2 -L°° framework of [12], we establish the global well-posedness and the convergence 
toward such equilibrium states. 



1. Introduction 

At the kinetic level, the dynamics of a non-ionized monatomic rarefied gase is governed by 
the celebrated Boltzmann equation: 

(1.1) d t F + v-V x F = Q(F,F). 

Here F(x, v, t) denotes the number density of particles at (x, v) E ft x M 3 in the phase space 
at time t, and denotes a bounded open subset of R 3 . The Boltzmann equation describes the 
evolution of F as a combination of the free transport of particles and the binary collisions. 
The l.h.s of (jl.l[) represent the free transport of particles in the absence of collisions while 
the collision process is encoded in the collision operator Q, which takes the following explicit 
form: 

Q(Fi,F 2 ) = [ I B{v~u,uj){F 1 (v')F 2 (u')~ F 1 {v)F 2 (u)}dujdu 

= Qgain(Fi, F 2 ) — Qloss(Fl, F2). 

(u,v) and (u',v') denotes the pre-collisional velocities and the post-collisional velocities re- 
spectively and the microscopic conservation laws lead to the following relations between (v, u) 
and («', u'), with a free parameter w£§ 2 

u' = u + [(v — u) ■ ui]u, v' = v — [{y — u) ■ lu]uj. 

We assume that the Boltzmann collision kernel takes the product form as 

B(v -u,u) = \v- u\iq (9), 

where the intermolecular potential is the hard potential (0 < 7 < 1) and the collision cross 
section go satisfies the Grad cut-off assumption: 

O<gb(0)<C|cos0|, cos0= 
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In this paper, we are interested in the behavior of a rarefied gaseous system contained in 
a rotationally symmetric domain with specular reflection boundary condition. Due to the 
fact that the specular reflection, unlike the other boundary conditions, preserves the angular 
momentum of the particle system, there exists a special type of equilibrium state called 
the rotational local Maxwellian, which reflect the rotational tendency of the gases. After 
normalization, it takes the following form: 



where w denotes a vector in K 3 related to the angular momentum of the system and the 
symmetry of the domain. In this paper, we establish the global well-posedness of the initial 
boundary value problem and prove the convergence toward the rotational local Maxwellian 
when the initial date is a small perturbation of the rotational local Maxwellian. 

The studies of the initial boundary value problem of the Boltzmann equation have rather 
short history, due mainly to difficulties arising in understanding the complicated interaction 
between the particles and the boundary, and its ongoing influence on the evolution of the 
statistical distribution of the gas. Up to now, roughly two types of theories are available for 
the initial boundary value problem of the Boltzmann equation. The first one is the theory of 
rcnormalized solutions by Diperna and Lions introduced in their seminar papers 8, 5]. The 
extension of this result to the initial boundary value problem was carried out in [18 . (Sec 
also p]). The advantage of this approach is that the problem can be considered under the 
most general conditions, namely, the finite mass, energy and entropy of the initial distribu- 
tion. However, the uniqueness is not guaranteed and remains as one of the most prominent 
problems in the mathematical kinetic theory. 

On the other hand, the semi-group approaches combined with either energy estimate or 
spectral analysis are also available. The spectral analysis of the linearized collision operator 
was initiated by Ukai in his pioneering work [34] and its application for the initial boundary 
value problem can be found in [36], where the external domain problem was considered for 
specular reflection boundary conditions. The diffusion reflection boundary condition in a 
bounded domain was studied in [T7] . 

Liu and Yu developed the Green function approach in a series of papers [22[ (23] [24] [25] . 
This approach enables one to obtain the pointwise estimates of the Green function of the 
linearized Boltzmann equation and get detailed information on how various types of fluid- 
kinetic waves propagate. For this, they introduced two types of decompositions, namely, the 
long wave-short wave decomposition and the particle- wave decomposition, which are analyzed 
separately and combined using the mixture lemma. 

Recently, a novel L 2 -L°° framework has been developed by Guo [12]. The name is self- 
descriptive: the coercive property of the linearized collision operator is captured in L 2 space, 
whereas the weighted L°° estimate is derived by careful analysis of the iterated Duhamel 
formula |39] to control the bilinear perturbation. This approach is robust in that all the four 
most widely used boundary conditions, namely, inflow, bounce-back, specular reflection and 
diffusive boundary conditions can be treated in a unified framework. It was then employed 
by the first author to study the formulation and propagation of singularity for the initial 
boundary value problem for the Boltzmann equation [21] . 

Our work is based on the L 2 -L°° framework. There are several key difficulties. First, 
since the linearized collision operator is dependent on spatial variable, it is not clear whether 
the coercivity property holds uniformly in x, which is crucial to obtain the L 2 decay esti- 
mate. It was resolved affirmatively in Lemma 12.41 and then the conservation law of angular 
momentum combined with the hyperbolic-type energy method developed in [12] gives the 
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desired L 2 estimate. Secondly, due to the complicated form of the compact operator and 
the multiplicative operator for the rotational local Maxwellian, we should be more careful in 
studying the velocity decomposition for L°° estimate. The key observation is that in small 
velocity regime, where all the microscopic velocities involved are small, the effect of rotation 
is negligible, and the estimate of the most difficult part can be treated similarly as in the case 
of the uniform Maxwellian. 

Brief overview of the initial boundary value problems for other types of kinetic equations is 
in order. The initial boundary value problem of the kinetic transport equation was considered 
in [3] . Guo considered the half space problem of the Vlasov Maxwell system in [15l [16] . Re- 
cently, the specular reflection boundary value problem was resolved by Hwang et al. [T9J [20] . 
Similar problem for the Vlasov Poisson equation was studied in the framework of renormalzed 
solutions was studied in [27]. We will not attempt to present a complete set of references 
for the mathematical theory of the Boltzmann equation. We refer the interested readers to 
[H [TOl [3lJ [32l EH [38] for nice overview of mathematical and physical theory of kinetic 
equations. 

This paper is organized as follows. In section 1, we consider the basic formulation of the 
problem. In section 2. we prove preliminary lemmas which plays important roles in the 
later sections. The section 3 is devoted to L 2 estimate of the linearized Boltzmann equation 
capturing the coercivity of the linearized collision operator. In section 4, using the iterated 
Duhamel formula, we obtain weighted L°° estimates which are crucial to control the nonlin- 
ear terms. Finally, the main result is proved in section 5. In appendix, we study how the 
rotational local Maxwellians are derived. 

1.1. Domain and characteristics. Let fl be a connected and bounded domain. We assume 
that there exists a smooth function such that ft = {x : £(af) < 0}. We further assume 
V£(a;) ^ at the boundary dft = {x : £(x) = 0}. The outward normal vector at dft is given 

by 

n(x) = . 

We say ft is real analytic if £ is real analytic in x. We define ft as strictly convex if there 
exists > such that 

OijZ(x)Ct j > QIC! 2 

for all x E R 3 such that £(x) < 0, and ( g I 3 . We say that ft is rotationally symmetric 
around = (0, 0, 1) if for all x € dft 

x x 63 ■ n(x) = 0. 

(1.3) 

Geometric assumption (A): Throughout this paper, we assume that fl satisfies the fol- 
lowing geometric conditions: 

(A) : f2 is strictly convex, analytic and rotationally symmetric around e3. 

We denote the phase boundary in the space f2 x M 3 as 7 = d£l x R 3 , and split it into an 
outgoing boundary 7+, an incoming boundary 7_, and a singular boundary 70 for grazing 
velocities: 

7+ = {(x, v) e dfl x R 3 : n(x) ■ v > 0}, 
7_ = {(x,v) G dQ. x R 3 : n(x) ■ v< 0}, 
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70 = {(x,v) £ dfl x K 3 : n(x) ■ v = 0}. 
In terms of F, we define the specular boundary condition as 

(1.4) F(t,x,v)=F(t,x,R(x)v), (x,v)ej-, 
where 

R(x)v = v — 2{n(x) ■ v}n(x). 

Given (t, x, v), let [X(s), V(s)] = [X(s; t, x,v),V(s; t, x, v)] — [x+(s — t)v, v] be the trajectory 
(or the characteristics) for the Boltzmann equation (JTTTJ: 

as as 
with the initial condition [X(t;t,x,v),V(t;t,x,v)] — [x,v]. 

Definition 1.1. [T^] (Backward exit time) For (x,v) with x £ f2 such that there exists some 
r > 0, x — sv £ CI for < s < r, we define ibOc, w) > to be the last moment at which the 
back-time straight line [-X"(0; t, x, v), V(0; t, x, v)] remains in the interior of f2: 

t\,{x, v) = sup{r > : x — sv £ fi for all < s < r} 

We also define 

Xb(x, v) — x(th) — x — tbV € dfl. 
We always have u • n(xb) < 0. 

1.2. Boundary conditions and conservation laws. (|1.2[) in the introduction, we defined 
the rotational local Maxwellian as 

fi^(v,x) = J_. cxp ( - ^-\v\ 2 +ruxvx), 
\/{2Try v ^ ' 

where denotes an fixed vector in i? 3 . For notational simplicity, we introduce m ro as 

. 1 _ |»— x.|* 

-.(,,,) = - 7 =e ■ , 

satisfying 

(i VJ {x,v) = e 2 m CT (ir,u). 
Throughout this paper, we consider the following perturbation: 

F = ^ + \fm„f. 
Then the Boltzmann equation can be rewritten as 

(1.5) {d t + vV + L™}f = F*(/,/). /(0,x,«) =f (x,v), 
with the boundary condition: 

(1.6) f(t, x, v) = f(t, x, R(x)v) for (1,11)67.. 
The linear Boltzmann operator is given by 

L™f = 7 ={Q(fi va , V m ™f) + Q(V m ™fi Mro)} 



= f K^(v,v')f(v')dv', 
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with the collision frequency v^(x, v) — L 3 \v — up qo(6)m^(u)du ~ (1 + \v — vj x x| 2 )2 for 
< 7 < 1. For convenience, we define £ CT as 

= r^={Q(m^,y/m^f) + Q(Jrn^f, m ro )} 



= v w f-\ K-™> x {v,v')f(v')dv'. 
The following properties of £ ro and L ro can be readily checked. 



(1-7) 

= e 2 /C ' (u — X x, v — w X x), 
The kernels of L and C are given as 

kerL ro = spa7i{^/Jl^,v^/Jl^, \v\ 2 ^fjl^\, 

kcr£ ro = span{-s/m a ,vyfm m , \v\ 2 y/m^}. 
We define the macroscopic projection P CT as 

(1.8) P„f = a(aj, t)VM ro + b(x, t) ■ + c(t, x)\v\ 2 ^, 
where 

a(x,t)= fy/U m dv, b(x,t)= fvy/Jl^dv, c(t,x)= f^~jijv\ 2 dv. 
Jr3 Jr3 Jm? 

The bilinear perturbation is defined as 

r ro (/,/) = -^Q{V^ a f, V^f) 

(1.9) V™^ 

= ^goinV/' /) — Tiossl/' /)• 

With the specular reflection condition (|1.6p . it is well-known that mass, angular momentum, 
and energy are conserved for (ll.ip . Without loss of generality, we may always assume that the 
mass-angular momentum-energy conservation laws hold for t > 0, in terms of the perturbation 



f(t,x,v)\fm VJ dxdv — 0, 
/ \v\ 2 f(t, x, v)y/m m dxdv = 0. 

JS)xI 3 

1.3. Main results. We are now in a place to state our main theorem. We first introduce 
the weight function for f3 > |: 

(1.11) u. ro (w) = (l + |w-Tuxx| 2 ) /3 . 
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Theorem 1.2. (1) Assume f2 satisfies the geometric assumption (A). Then any Maxwellian 
solution of the Boltzmann equation with the specular boundary condition in VL takes the fol- 
lowing form after the normalization: 



for some fixed vector tu £ R 3 . Moreover, except for the case Q, — § 3 , vj is given by vo = 
(0, 0, voz) for some vo% € K. 

(2) Assume Q satisfies the geometric assumption (A) and zu is parallel to e%. Then there 
exists 6 > such that if Fo(x,v) = + y^rn^fo{x,v) > and ||ic ro /o||oo < $, there exists a 
unique solution F(t,x,v) — + ^prn^fit^x^v) > to the specular boundary value problem 
hi .6}) to the Boltzmann equation such that 



then f(t,x,v) is continuous in [0,oo) x {fl x R 3 \7o}. 

Remark 1.3. (1) Theorem 1.2 (1) states that the rotational local Maxwellian is essentially 
the only possible equilibrium state of the Boltzmann equation in a rotationally symmetric 
domain. The proof will be given in Appendix. 

(2) The assumption on w imposed in Theorem 1.2 (2) is justified by Theorem 1.2 (1), because 
in the case of S 2 , we may redefine w as e% by the symmetry of § 3 . 

(3) Different proofs of Theorem 1.2 (1) can also be found in [7] and [32] . 

1.4. Notations. Before we proceed further, we set some notational conventions for various 
norms and inner product that will be used in later sections. We define L 2 -norm, L°°-norm 
and weighted L 2 -norm as: 




sup e A '||w; ro /Wlloo <C\\ Wva f \\ 



OO ' 



0<t<oo 



Moreover, if fo(x,v) is continuous except on 70 and 



fo(x, v) = f (x, R(x)v) on <9f2, 



11/11 



00 



ess sup l/l, 




We use the following standard notation for corresponding inner products. 
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2. PRELIMINARY 

In this section, we establish important technical lemmas for later use. The following lemma 
shows that if satisfies (A) , the trajectory cannot reach the singular boundary 70 if it is not 
grazing initially. 

Lemma 2.1. (Velocity Lemma) |12) Let £1 be a domain satisfying the geometric assumption 
(A) . Define the functional along the trajectory as 

(2.1) a(s) = e(X(s)) + [V(x) ■ V£(X( S ))] 2 - 2{V(s) ■ • V(s)}£{X(x)). 

Let X(s) € for t\ < t < <2- Then there exists constant such that 
e c £ (|y (tl )l+Dt la(ti) < eQa^OI+i)*^), 
e -Q(|v(ti)|+i)ti a ( ti j > e -^(|v(*i)l+i)t2 a ( t2 ). 

Proof. See [12]. □ 

Lemma 2.2. [12) Let (t, x, v) be connected with (t — tf }1 x — b^v, v) backward in time through 
a trajectory 

(1) The backward exit time tb(x,v) is lower semicontinuous. 

(2) // 

v ■ n(xY,) < 0, 

then (ti,(x,v),xiy(x 1 v)) are smooth functions of (x,v) so that 

r, , n(x b ) _ , t h n(x b ) 

v^tb — 7 r, V„tb — -. r, 

v ■ n{x b ) v ■ ii(ib) 

V^^b = I + V^ib ® v, V v x b = t h I + V t ,tb ® v. 

Furthermore, if £ is real analytic, then (t b (x,v),x b (x,v)) are also real analytic. 

(3) Let Xi € d£l, for i = 1,2 and let (ti,xi,v) and (t2,X2,v) be connected with the 
trajectory. Then there exists a constant such that 

|tl_<21 - cm 2 ' 

(4) Define the boundary mapping 

$b : (*, x, v) (t - t hl x h (x, v),v) elx {70 U 7-}. 

Then $b and maps zero-measure sets to zero-measure sets between either {t} x 
!!xR 3 and 1 x {70 U 7_} or K x {70 U 7+} ->• M x {70 U 7_}. 

Proof. See [12] □ 
Lemma 2.3. There exists constants C > suc/i that 



K%' x {v,v') < C{\v-v'\ + \v-v'\- l }e *'* "' |2 *" 



and 



/ 



{\v-v \ + \v — v\ }e 8 8 "~" 1 y—frdv 

C 

< . 

(1 + |t! — w X a;|) 
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Proof. We first notice that for some C Pt p > 0, 



w m (v) 



< C{l + \v-v'\ 2 }W. 



Let v — v' = rj and v' = v — r\. We now compute as 

1, ,, 1 \\v — w x x\ 2 — \v' — vj x x 



2 12 



1 8 \v-v'\ 2 
l |m|2 l\\n\ 2 -2{v-wxx)- V \ 2 
8 
1 



. l2 1 1 (u - TU x x) • 77 

— A H 2 + ^-mxx)-r ] --^ 



1 i i o 1 , % f 3 , l2 1 |(w - H7 x x) ■ n\ 2 \ 
= --\r ] \ 2 + -{v-mxx).r l -{-\n\ 2 + -± ^l^L} 



< -c 



{M 2 + |( 



for some constant C > 0. Hence it is sufficient to estimate 



I = 



For \v — zu x x\ < 1, we have 



l + _^-CkH 2 e -C|(.- ro xx)^| dr? _ 



/< f |l + ^} e -^H 2 ^<oo. 



For |v — a? x x\ > 1, we make a change of variable 7j|| = {n ■ ^_"*^| } i^-mxa- ' wn i cn gives 
rj± = rj — »7|| so that |(i> — nj x a;) • ry| = |i> — tu x x\\r)\\ | and |i> — v'\ > \rj±\. 



I < 



< 



Ci i(ra +1 

\\v±\ 



-C\v — VJXx\ X |«|| 



|w — -07 x a; | 
|u — w x .t| 



In the last line, we used the change of variable: y — \v — w x x\ x \r]\\\. This completes the 
proof. □ 

The following lemma shows that the coercivity estimate holds uniformly with respect to 
vj and x. 

Lemma 2.4 (Positivity of L ro ). There exists a constant S > which is independent of x 
and w such that 

(L a f,f)Li v > 8 J 3 e^\\{I-P w )f\\ 2 v Jx 
> 6o\\(I-P^f\\ 2 ^. 
Proof. We define the shift operator r y as 

Ty : f(x) -> f(x + y). 
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Then we have from (| 1 . T[) and the Fubini's theorem, 

f{v)dv = / |i> — w*|e 3 f(v)du)dvdv* 



\v — v*\e 4 f(v + tuxx)dwdvdv* 
= v°T mxx f(v), 

and 

/" if f(v')dvdv' = J K Q ' x {vy)T^ xx f{v)T^ xx f{v')dvdv'. 
Hence we have 

(£ ro /,/) L j = -f^f(v)dv+f K™> x (v,v')f(v)f(v')dvdv' 



I BP 

- A nx J + y i^'^vy^xz/K)*/ j Ttuxx f(v)dv 

By the positivity estimate of the standard linearized collision operator (see [ID]), there exists 
a constant <$o, independent of x and m, such that 

^('"nxi/.Traxi/) > ^0 1| (J - Po)T^ xx f\\1 . 

On the other hand, the Fubini's theorem gives 

- Po)T^ xx f\\l = f(I-P )f(v + wxx)(l + \v\ 2 )Uv 

(I - Pr,).f{v){l + \V - W X X \ 2 )Uv 
= W - PwxML, 

which yields 

(C a f,f) L 2 > 8 \\(I - P mxx )f\\l m . 
We then multiply e 2 and integrate with respect to x to see 
(L™fJ) Llv = J e^{C^f,f) Ll dx 

This completes the proof. □ 
Lemma 2.5. Recall \1.9\) and U.llJjj . We have 

\w-u7T(g 1 ,g 2 )(v)\ < C(\v - w x x| + l) 7 ||t«- ! j7S , i||oo||^ro5'2||oo- 
Proof. First consider the second term r; oss . We have 

\u - ■vp\^/m^g 2 (x,u)\du < C{\v - w x x| + l} 7 ||wg2||oo- 

Hence wF; oss [31 , g 2 ] is bounded by 

i^rolffil / \u-v\ 1 \y/m^g 2 {x,u)\du<Cw^{v){\v-ujxx\ + l} 1 \\w VJ gi\\ OQ . 
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For T gam , by \u'\ 2 + |u'| 2 = |u| 2 + \v\ 2 , w m (v) < Cw m (v')w m (u'), and 

< C [ go(0)|upe-*K— ^-^\ m {v')w„{u f )\gx{u')\\g 2 {v')\dujdu 



< C\\w m g 1 \\ oc \\w tu g 2 \\oo J M 7 e 2 

< C(|v - w x x| + l) 7 ||w ro .9l||oo||w ro ff2||oo- 

This completes the proof. □ 

3. I? DECAY THEORY 

In this section, we study the L 2 estimate of the linear Boltzmann equation: 
(3.1) dtf + v- V K / + L ro / = 0, f(0,x,v) = f (x,v). 

We define the boundary integration for g(x, v), x € d£l 

gdq = I \ n ( x ) ' v\dS x dv, 

J ±v-n(x)>0 

where dS x is the standard surface measure on dVl. We also define 

\\H~i = \\h\\-y+ + \\ h h- 

to be the L 2 (j) with respect to the measure \n(x) -v\dS x dv. Our main theorem of this section 
is 

Theorem 3.1. Suppose il satisfies the assumption (A). Let f(t,x,v) 6 L 2 be the (unique) 
solution to the linear Boltzmann equation \3. 1\) with trace / 7 6 Lf oc (^). We assume the 
conservation of mass, angular momentum and energy hi. 10)) . Then there exists A and C > 
such that 

sup { e At ||/W|| 2 }<2||/(0)|| 2 . 

0<t<oo 

For this, we establish the following proposition 

Proposition 3.2. Suppose VL satisfies the geometric assumption (A). Then there exists M > 
such that for any solution f(t,x,v) to the linearized Boltzmann equation S3. 1\) satisfying 
the specular reflection condition il.6\) and the conservation laws of mass, angular momentum 
and energy il.10]) . we have the following estimate: 

(3-2) / < ! W-P m )m\Uds. 



Proof. We first show that Proposition 13.21 implies Theorem 13. II 
Proof of Theorem [37T1 

(i) The case of s £ [N, t] : We multiply / to (|3.ip and integrate on [N, t] to obtain 

||/(t)|| 2 + 2 [\L™f,f)ds = \\f{N)\\ 2 1 

J N 

which gives from Lemma 12.41 

(3-3) ll/(*)ll < ll/TO 

(ii) The case of s e [0,iV]: Let / be a solution to (|3.1[) . then e xt f satisfies 
(3.4) {d t + vW x + L}{e xt f}-Xe xt f = 0. 
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We multiply e xt f and integrate over < s < N. Then we have from / 7 € Lf oc (R + ; L 2 ^)) 

j-N j-N 

e 2XN \\f{N)\\ 2 + 2 e 2Xs (L™fJ)d S -\ e 2Xs \\f(s)\\ 2 ds 
Jo Jo 

|2 i / / „2As (2/\ j , j„ / / „2\s fli 



= 11/(0)11'+/ / e^f 2 {s)d 1 ds~ / e^/ 2 ( S )d 7 <f S 

JO JO J 7+ 

= ll/(o)ll 2 . 

In the last line, we used the fact that the total boundary contribution vanishes for specular 
boundary reflection: 

e 2Xs f{s)d 1 ds^ / / e^f^djds. 

Jo J~/ + 

Dividing the time interval into ^^^[k, k + 1) and letting f k (s,x,v) = f(k + s,x,v) for 
k = 0, 1, 2, • • • , we deduce 

N-l „i 

(3.5)3 2AAr ||/(A0||2 + / {2e 2A t fc + s >(i-/ fc Cs),/ fc ( S ))^ - Ae 2A ^+ s >||/( S )|| 2 } = ||/(0)|| 2 . 
fc=0 J{) 

We then apply the positivity estimate in Lemma \2. 41 to get 

^ k+s HL^f k (s),f k (s))ds > S [ e 2X ^\\(I - P„)f k \\l n da 

Jo 

> S f e 2Xk \\{I - P^hWljs. 
Jo 

We employ Proposition 13.21 as follows 

ll*"W - PMljs = | jf 1 e 2Xk \\(I - P„)f k \\ljs + | j\ 2Xk \\{I-P m )f k \\ljs 



e 2A(fe+s) ll/llL = ll/(o)|| 2 . 



i 

e~ 



We substitute this into (|3.5|) to get 

e 2XN \\f(N)f + \\^{f S }e- 2X -C^X\Y: / 
^ > k=o J ° 



Here we have used 1 1 • 1 1 < C„ ro \\ ■ \\ Um . We choose A > small enough such that \ min { ^ , So } e 2 A - 
C v ^\ > 0, to obtain 

(3.6) e 2AA, ||/(A0|| 2 < ll/(0)|| 2 . 

Combining (J3T3J) of Case i) and p.6[) of Case ii), we have 

e 2At ||/(i)|| 2 < e 2Xt \\f(N)\\ 2 < e 2X ^ N ^e 2XN \\f(t)\\ 2 < e 2 ^*-^ ||/(0)|| 2 < ||/(0)|| 2 . 
This completes the proof. □ 
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3.1. Proof of Proposition Q$T2j We prove Propositioii l3.2l bv a contradiction argument. For 
this, we suppose in the contrary that for each k, there exists fk which satisfies the conservation 
laws (|1.10|) . the specular boundary condition (|1.6|) and 



(3.7) 

We normalize it as 



I \\P^fk\\l m ds>k ( \\{I - P„)f k f^ds. 
Jo Jo 



z k = Jl 



ft\\P«,h\\l„d8 
which satisfies 

(3.8) / \\P„Z h f v ds = l. 



From {d t + v • V + L™}f k = 0, we have 

= {ft 

f fo \\P^fk\\ 2 ds 



(3.9) {ft + v ■ V + F}Z k = ^ + - V + £CT}/fc = 0. 



Dividing both sides of (|3.7[) . we obatin 



f 1 1 

J - P^)Z k \\ljs < -. 



(3-10) , „„..... jy 

From p.8p and (|3.10j) . there exists Z(t,x,v) such that 

(3.11) Z k -> Z weakly in f \\ ■ \\l m ds, 

Jo 

and 

(3.12) f \\{I-P^)Z k \\lj S ^Q. 

Jo 

On the other hand, it is straightforward to verify 

(3.13) P^Z k -> P^Z weakly in f \\ ■ f^ds. 

Jo 

Due to (|3H|) . (|3~T2l) and (|3TT3]l . we have 

Z(t, v, x) — {a(t, x) + b(t, x) ■ v + c(t, x)\v\ 2 }y/m m . 
It also implies, in the sense of distribution, 

(3.14) d t Z + v-VZ = 0. 

We will first prove that, using the hyperbolic type energy method developed in [12] that Z k 
converges strongly to Z in J Q || • \\ 2 ds, and J Q \\ Z\\ 2 ds ^ 0. Then it will be shown that (13. 14)) 
and the specular reflection boundary condition imply Z = 0, which is a contradiction. First, 
we consider how does Z look like. 

Lemma 3.3. |12) There exist constants do, c\, c%, and constant vectors bo, b\ and zu such that 

Z(t, x, v) = ({ ~^~M 2 — ■ x + fl o| + {—cotx — c\x + zu x x + bat + b\} ■ v 
(3 ' 15) f c t 2 V, 9 
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Moreover, these constants are finite: 

(3.16) |oo|, |&o|) |&i|, |co|, |ci|, |c 2 |, < oo. 

Proof. See [12] . □ 

3.2. Interior compactness. 

Lemma 3.4. For any smooth function X such that sup A" € (0,1) x tt, we have up to a 
subsequence 

lim / \\X{Z k - Z}(s)\\ 2 ds = 0. 
k ^°° Jo 

Proof. We multiply the equation (|3.9[) by x to get 

{d t + w ■ V x }{*Z fc } = {[% + v ■ V x ]X}Z k - XL™Z k . 

We first note that 

{dt+v- V X }{ X } < (1 + H)( sup \d t X\+ sup |V^|) 

[o,i]xn [o,i]xf2 

< C x (l + \v — w x a; | + \vo x x|) 

< C#,w,n(l + |u - tJ7 x x\). 

Therefore, we have 

/ \\{[d t + vV x ]X}Z k -XL™Z k f L2 ds< [ \\Z k \\ljs. 
Jo Jo 

Since \\Z k (s)\\ 2 ds < oo , we can deduce from the averaging lemma ( 19] ) that J £(t,x)Z k (v)(f>( 
are compact in L 2 ([0, 1] x O) for any smooth cut-off function <fi(v). It then follows that 

XZ k (v)[l,v,\v\ 2 ]^n~ m dv 

are compact in L 2 ([0, 1] x fi). Therefore, up to a subsequence, the macroscopic parts of Z k 
satisfy 

XP„Z k ->■ A'P^Z = A"Z strongly in L 2 ([0, 1] x Q x M 3 ). 

Therefore, in light of J Q ||(J — P m )Z k (s)\\l^ — > in (|3.12[) . the remaining microscopic parts 
XZ k satisfy lim.fc_ ! . 00 f Q \\X{I — P^}Z k (s)\\ 2 ds = 0, and our lemma follows. □ 

3.3. No time concentration. We first establish L°° in time estimate for Z k to rule out 
possible concentration in time, near either t = or t = 1. 

Lemma 3.5. 

sup \\Z k (t)\\ < oo. 

0<t<l,fc>l 

Proof. We first note that \\fk(s)\\ 2 < oo implies f \\Z k (s)\\ 2 < oo. Therefore, by the 
standard L 2 estimate for (|3.14[) 



(3.17) \\Z k (t)\\ 2 + 2 (L™Z k ,Z k )ds=\\Z k {0)\\ 

Jo 

This gives from Lemma 12.41 

(3-18) ||Z fc (t)|| < ||Z fc (0)||. 
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On the other hand, we note that 
(3.19) 



/ (L™Z k (t),Z k (t))dt<C [ \\{I-P w }Z k f v Jt<^-. 
Jo Jo fc 

Therefore, by {5Tp and (|XT3)) 



\\Z k {t)\\ 2 = ||Z fc (0)|| 2 -2 / {U'^Z-.Z, 

(3.20) 



2 C 



>\\z k (o)\\-j 

Since J* \\Z k {t)\\ 2 dt < j* \\Z k (t)\\l a < C{1 + ±} for hard potentials, integrating (|3~2"U)) over 
< t < 1 yields 

ll^(o)ll 2 = ^VfeWII 2 ^ + ^ 

(3.21) < C J' \\Z k (t)\\ljt + ^- 

<-°HH 

Then the result follows from (pTTgj) and ([3~2"Ti □ 

3.4. No boundary concentration. In this section, we prove that there is no concentration 
at the boundary dfl. Let 

fl e 4 = {x G Q : £(x) < -e 4 }. 

To this end, we will establish a careful energy estimate near the boundary in the thin shell- 
like region [0,1] x {J7\f2 e 4} x R 4 . For m > |, for any we define the outward moving 
(inwarding moving) indicator function x+(x~) as 

X+(x,v) = ln\n e4 ( x )^M<e- m ,n(x).'u>e}(«) I 
X-(x,v) = ln\n E Jx)l{\v\<£-™,n(x)-v<-e}( v )- 

The following lemma shows that Z k can be controlled in a shell like region near grazing phase 

boundary with large velocity. 

Lemma 3.6. 



sup / / / / \ \Z k (s,x,v)\ 2 dvdxds < Ce. 

k>\J VJ 1 ;^ 1 ^ v 11 

Proof. Recall from ([TT 



P*jZ k = {a k (t,x) + v b k (t,x) + \v\ 2 c k (t,x)}y/m^ 

We split the estimate and use (13.10[) to see 
1 r r 

\Z k (s, x 7 v)\ 2 dvdxds 



\V\>£ 



JO J S i \ 1 2 4 J . t _ m 

|l>|>£ 



c 
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The first term can be bounded by the Fubini Theorem as 

J J J ln(x)v ^ £ \P^Z k (s,x,v)\ 2 dvdxds 

/ / L x) . vl < E ,\P™Zk(s,x,v)\ 2 (l + \v-w x x\ 2 Ydvdxds 

/" / {\a k ( S ,x)\ 2 + \b k (s,x)\ 2 + \c k (s,x)\ 2 } 
o Jn\n 4 



< 



< 



\v\>s~ 

We observe that 



(1 + \v - vo x x| 2 ) £ Vm ro = (1 + |t> - to x x\ 2 fe 



< c(i + HY(i + M 2 N 2 )V^-e J 

i i2 

|2\^_— J 



< C ro , n (l + |v| 2 )V^-. 
Therefore we have 

l,,^ (1 + \v - ru x ilYVrferfi' < C ra ,n / , , ^ (1 + M Yv^efo. 

By a change of variable un = {n{x) ■ v}n(x), and v± = v — v» for \n(x) ■ v\ < e, the inner 
integral is bounded by the sum of 

/ (1 + \v\ 2 Y^/rr^dv < [ dv\\ [ e~^dv ± < Ce 

J\n(x)-v\<e J-e J R 2 



and 



f {1 + \v\ 2 } e+2 y^h~dv < Ce. 



V\>£- 

This completes the proof. □ 

We now study the non-grazing parts x±Z k - For this, we fix (x,v) <G {£l\il e 4 x M 3 } and 
s € [e, 1 — e]. We then define for backward in time < t < s 

X+(t, x, v) = l n \n t4 (a - v(t - s))l|«|< e -m,„(x- w (t- s ))-u> e }(u), 
and forward in time < s < t : 

X- (t, X, V) = l fi \O e4 (X - V(t ~ S))l{| v |< e -m )7l ( x _( t _ s ) t) ). v< _ e }(u). 

Lemma 3.7. fij For < s — e 2 < t < s, if x, v) ^ then n(x) ■ v > § > 0. Moreover, 
X+{ s — £ 2 , x, v) — 0, /or x € 0\0 £ 4. 

(2) For s < t < s + e 2 < I, if 7^ then n(x) ■ v < — | < 0. Moreover, x_(s + 

e 2 , a;, u) = 0, /or a: € fi\fi E 4 . 

Proof. See [H] □ 
Lemma 3.8. We have the strong convergence 

lim / \\Z k (s) - Z(s)fds = 0. 
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and Z(s) is not identically zero in the sense that 



\\Z{s)\\i v >Q. 

Moreover. Z satisfies the specular boundary condition: 

Z(t,x,v)\j- — Z(t, x, R(x)v)\j+ . 
Proof. We multiply x± with (|3.9j) to get 
(3.22) {d t + v-V x }{x±Z k } = -X±L™Z k . 

Since J Q ||Zfc(t)||^ds < oo, applying the L 2 estimate backward in time over the shell-like 
region [s — e 2 , s] x [f2\f2 e 4] x K 3 for outgoing part x+, we obtain 



\\ x+ z k (sw+ u+ztm^dt- \\ x+ z k (t)r Y+ dt 

J s — e 2 J s — e 2 

(3.23) = \\ X+ Z k (s - e 2 )\\ 2 + f \\x+Zi(t)\\ 2 dt 

Js-e 2 

\\X+Z k (t)\\ 2 c dt - 2 f ( X+ L™Z k ,Z k )(t)dt, 

where j £ = {x : X (x) = — e 4 }. We observe from Lemma [3.71 that X +(x,v,s — e 2 ) = and 
X+ = on 7_ and 7I , which gives 

Wx+Zds - e 2 )\\ = 0, 

and 



\x+Zi(t)\\i f _dt= / \\x+z k (t)\\^_dt = o. 

J s—e 2 

For k sufficiently large, we use p.!2|) to get 

(X+L™ Z k , Z k )(t)dt < [ [ \L{I - P^Z k {t)}\\Z k (t)\dxdvdt 

1 JO JflxWl 3 

< C{j \\{I - P m Z k (t)\\^dty { J \\Z k {t)\\ljt) 

SL ° 

Therefore, (|3.23p reduces to 

(3.24) \\x+Z k (s)\\ 2 + T \\x+Z k (t)\\ 2 + dt= [ S \\x+Z k (t)\\ 2 c+ dt+-^=. 

By the same argument, we can obtain similar estimate for x-%k- 

, 2 , 2 

c 



(3.25) ||x-^*(*)|r + y \\x+Z k (f)\\i l _dt = J \\x-Z k {t%,_dt-, 

We then combine (j3~2"4"|) and (|3~35|) to see 

\Zf.(s, x, v)\ 2 dxdv 



n\n 4 j'™^^ 

|l)|<£ 



|X-^(s)| 2 + |x+^fc(s)| 2 ^ 



< 



< 
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\\x-z k (t)\\*dt+ I \\x+z k (t)\\Ldt+-%= 



7 + Vk 



s+e 2 2 
l{\v\<e- m ,\n(x)-v\>% }Zk{t) 



c 



dt+—=. 

7 e v k 



To estimate the first term, we first observe from Lemma 13.31 

(3.26) {d t +v V x }{l lv] < e - m (Z k - Z)} = -l H < e -mL{I - P m }Z k . 

We can apply Ukai's trace theorem (theorem 5.1.1, [35]) to {l\ v i< e - m }(Z k — Z) over f2 £ 4 to 
get 



<c £ 
+c £ 
<c £ 
<a 



l{\v\<e- m ,\vn(x)>% \}{Zk(t) - Z(t)} ^ds 
s+e 2 

1 {H<e-™}{ 1 {\v-n(x)>l \}(Zk(t) - Z(t))} 
l {H < E -m } {Z k (t) ~ Z k (t)} 



ds 



1-e 



1-e 



L 2 (Q e 4.x 

l { \ v \< E -m } {{L™{I-P< u }Z k (t)}"' 1 



1 e 

ds 



L 2 (n e4 xR 3 ) 

1-e 



ds 



\\Z k (t) - Z k (t)\\h { n ei -,^)ds + C £ J^ °\\{I- P a }Z k (t)\\L da 



\\Z k {t) - Z k (t)\\ L ^ n R3) ds + — 



Therefore, for fixed e, we have from the interior compactness in Lemma 13.41 

,s+e 2 2 



lim / l{\v\<e- m ,\n{x)-v\>z\{Z k {t) - Z(t)} 

Hence, for k large, and for any e < s < 1 — e, we have 
\Z k (s, x, v)\ 2 dxdv 

< 2 



dt = 0. 



| v-n(x) | > 

s+e 2 

1 

s-e 2 



|w|<s- m , 
\v-n(x)\>5 





2 rs+e 2 




2 


z k } 


dt + 2 


1 M < B -™ Z(*) 






7 e Js-s 2 


|u-n(a3)|>§ 


7 e 



71 



< £ 



s+e" 



||Z(0||Lds 



s-e^ 
2 



< e + 2e 2 sup ||Z(i)| 

0<i<l 

< e + Ce 2 . 



This leads to 
(3.27) 



N e \v-n(x)\>- 



\Z k (s, x, v)\ 2 dxdv < Ce. 



for sufficiently small e. In the last line, we used the fact that Z k is smooth due to (|3.15j) and 
its trace is given by (|3.15[) as well. 
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Proof of the strong compactness of Z k : By interior compactness, we have 

\Z k (s, x, v) — Z(s, x, v)\ 2 dxdvds 
= ( / + / + / ) / \Z k (s,x,v) — Z(s,x,v)\ 2 dxdvds 

Wo J^e Jl-e ' JQxR 3 

< Ce + / / \Z k (s, x,v) — Z(s, x,v)\ 2 dxdvds. 

Je JnxR 3 
1-e 



We split the main part J e as 



1-e 



\Z k (s, x, v) — Z(s, x, v)\ dxdvds 



Sixl 3 

= 2 / / / _ m \Zk(s, x, v)\ 2 dxdvds + 2 / / / _ m \Z k (s,x,v)\ 2 dxdvds 
Je Jn\n c J\ v ^ £ ., > ' Je Jn\n e J "l^f > 

e \v-n{x) | e or|v-n(a;)|>^ 

+2 / / \Zk{s, x, v)\ 2 dxdv ds + / / \Zf.(s, x, v) — Z(s, x, v)\ 2 dxdvds. 

Je Jq\VI c Je in e 4 

By p.27p and Lemma 13.61 the first two terms can be bounded by Ce. The third term is 
bounded by 



/ / \Z(t,x,v)\ 2 dvdx < C|S1\S1 £4 | < Ce. 
Jn\n 4 J 



The last term goes to zero as k — > oo by Lemma [3T41 We hence deduce the strong convergence 



/ / \Z k (s, x,v) — Z(s, x,v)\ 2 dxdvds ^ 0. 
Jo Jn,xR a 



Proof of the positivity of Z: We first note that both J* \\P m Z k \\ 2 dt and J* \P w Z h ^dt 
are equivalent to 

\cik(s, x)\ 2 dxds + / \bk(s, x)\ 2 dxds + / |cfc(s, x)\ 2 dxds. 



Hence we have 



f \\P^Z k \\ 2 ds>C f \\P„Z k \\l m ds = C, 
Jo Jo 

where we used J \\P^Z k (s)\\ 2 ^ = 1. Therefore, we have from the strong convergence of Z k 
into Z in j'l || • || 2 rfs 

/ ||Z(s)|| 2 ds= lim / \\Z k (s)\\ 2 ds > C> 0. 
Jo Jo 

Boundary condition: Recalling (|3.26p and f Q \\Z k (t) — Z(t)\\ 2 dt — > 0, we use Ukai's theorem 
to conclude, for any fixed e > 0, 



lim 



< C lim 

k— »oo 



1 {|t)|<£- m >-n(a)>§ \}{Zk(t) - Z(t)} 

f l {lv] < e - m]} {Z k (t) - Z(t)} 
Jo 



ds 

7 

2 

ds 

7 
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[d t + v V je ]l {M < e -«.| } {Z fc (i) - Z(t)} 
f 1 

<C \\l {W < e - ml} {L™{I-P^}Z k (t)}\\ ds 
Jo 



ds 



0. 

Zk(t, x, v) = Zk(t, x, R(x)v) letting k — ¥ oo, we deduce that Z satisfies Z(t, x, v) = Z(t, x, R(x)v) 
for {v ■ n(x) > |}. Therefore Z(t, x, v) — Z(t, x, R(x)v) by the continuity of Z. □ 

3.5. Boundary condition leads to Z = 0. We now show that Z has to be zero, which 
leads to a contradiction. For any fixed t, we recall 

(3.28) {dt + v-V x }{l {v \<s- m (Zk-Z)} = ~l\v\<e-™L{I - P m }Z k , 

and apply Ukai's trace theorem over [0, t] x 57 x M 3 to get, for any < t < 1, 



lim ||l| t> |< e -i{^ib(t) - ^(*)}|| = 0. 

k — >OG 



Therefore, 



(3.29) 



Z(t)^frn 



Z(t)\v\ z y/rn 



lim 



lim 

k— >co 



Z k (t)y/m 



lim 



Zit(t)y/rn m> 



jj|<e-l 



Z k {t)\v\*Vm 



lim 

k— >oo 



\v\>e~ 



Z k (t)\v\ 2 Vm. 



We note that C||Zfc(£)|| Ji i>i Trim — Ce, from the L°° estimates in Lemma f3T5l This gives 



lim 



Z k (t)y/m 



lim 

k— ¥oo 



Z k (t)\v\ 2 V^m = 0. 



We therefore obtain that for all t 

This implies Co = c\ = 0. We therefore have & = tn x x + bot + b\. Now, from the specular 
reflection, we have for any x € dtt, b(t, x) ■ n(x) — or 

{w x x + bot + bi} ■ n(x) = 0. 

From here, by the same argument employed to derive the rotational local Maxwellian in the 
Appendix, we arrive at 

(3.30) Z = m x x ■ v^fm w . 

Then, from the conservation of the angular momentum (|1.10[) . we have 



[x x v)Z(t}\pm VJ dxdv = lim / (ix v)Zh(t)ym m dxdv = 0. 

Sixl 3 " ^°%xl 3 

Therefore, we combine (|3.30[) to get 

(ixd)(bxi' v)^/m tu dxdv = 0. 

fixR 3 
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We now take inner product with w to obtain 



(x x v)(vj x x ■ v)\fm ZD dxdv = / {vj x x ■ v} 2 ^/m^ 

$3 J 



= w ■ I (x x v)(vj x x ■ v)\fm T7 ,dxdv = / {w x x ■ v} y/m^dv. 
Therefore m = and Z = 0. 



4. L°° DECAY THEORY 

In this section, we establish the weighted L°°-estimate which is crucial to control the 
nonlinear perturbation. For this, we set h(t,x,v) = w^f(t,x,v) and study the equivalent 
linear Boltzmann equation 

{d t + v ■ V x - ^ + K%?}h = 0, 
h(0, v, x) = h (x, v) = w^fo, 

where K™£ is defined as 

h 



K^ x h = Wzn K™> x 



= (l + \v-wxx\*)i [ K™' x (v,v') Ht ^ y) dv'. 

JR3 (1 + \v' — W X X\ Z ) 2 

Definition 4.1. Let satisfies the geometric assumption („4). Fix any point (t, x, v) € 7oH7- 
and define (to, xq, vo) = (t, x, v) and for k > 1 

(4.1) (t k+1 ,x k+ i,v k+ i) = (t k - t h (t k ,x k ,v k ),x h (x k ,v k ),R(x k+ i)v k ) 
And we define the specular back-time cycle 

oo oo 

(4.2) X cl (s) = 1 [** +1 ,**)( a ){ a; * tk)}, V c i(s) = Mt k+1 ,t k ){s)v k . 

k=l k=l 

Lemma 4.2. Let A4 be an operator on L°°(j+) —> L°°(-f-) such that WMWc^-^^ 00 ) = 1- 
Then for any e > 0, there exists h(t) € L°° and /i 7 € L°° solving 

(4.3) {d t + v ■ V x + v^h = 0, h 7 _ = (l-e)M/i 7+ , h(0, x, v) = h e L°° . 
Proof. See [Hj. □ 
Lemma 4.3. Let Q satisfies the geometric assumption (A). Let h £ L°° and G(t)hQ solves 

(4.4) {d t + v ■ V x + v}{G(t)h } = 0, {G(0)ho} = h , 

with specular boundary condition {G(t)ho\(t,x,v) — {G(t)h }(t,x, R(x)v) for x 6 d£l. Then 
for almost all (x, v) ^ 70 and t 6 [t m +i,t m ) 

{G(t)h }(t, x, v) = er "~(*^«)^-t*+i)h (X cl (0), Vd(0)) 



k=l 

Here, we defined t k — if t k < 0. Moreover, e I/0 '|jG(t)/io|| o < II ^0 II 00 

Proof. For any e > 0, by Lemma I4T21 there exists a solution ft 6 of 

{0 t + v ■ V x + i/ ro (x, v)}h e (t, x, v) = 0, 
h e (t, x, v)\ 1 _ = (1 — s)h s (t, x, R(x)v), 
h £ (0,x,v) = h eL°°. 
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with ||/i e (i, Olloo < 00 an d sup t -)lloo < 00. Such a solution is necessarily unique. This 

is because we can choose w~ 2 {l + \ v — zu x x\} £ L 1 so that f E = ^— £ I? is a L 2 solution 
to the same equation with the same boundary condition: 

{d t + v ■ V x + v m (x, v)}f(t, x, v) = 0, 
r(t,x,v)\ y _ = (l-e)f(t,x,R(x)v), 
f(0,x,v)=f £L°°. 

with an additional property / ' ||/ £ (s)|| 7 <i,s < 00. Then uniqueness follows from the energy 
identity for f £ . 

Given any point (t,x,v) ^ 7 and its back time cycle [X c \(s), V c \(s)], we notice |T4i(s)| = \v\ 
and for t k +i < s <t k , 

w x X cl {s) ■ Vci(s) = (X c i(s) x V c i{s)j ■ w 

= {{Xk + (s - t k )v k ) x v k ) ■ zu 

= (X k X V k ) ■ ZD 
= TD X X k ■ V k - 

Therefore, we have is™ (X c \(s), V c i(s)) — is m (xk,Vk) on [tk+i,t k ] and the following identity 
holds 

-^-G(s)h = -is m (x k ,v k )G(s)h 
as 

along the back time cycle [X c \(s), V c i(s)] for tk+i < s < tk- Together with the boundary 
condition at s = tk, and part (4) of Lemma 12.21 we deduce that for almost every (x,v), 
-^G(s)ho is constant along its back-time cycle [X c \(s), V c \(s)]. If (x, v) £ ^ x M 3 \7o, then 
tb(t, v) > 0, and 

h^t, x,v)=J2 1[ U+1)U )(0)(1 - e) k e- ^^-^h (xk - t k v k , v k ), 

k 

where we put t m = if t m < 0. 

We now show that for fixed (t,x,v), the number of bounces k is finite. Since (x, v) £ 
x M 3 \7o, by (|2.1[) . we conclude a(t) > 0,. By repeatedly applying velocity Lemma I2TT1 

along the back-time cycle [X c i(s), V c \(s)}, we have for all k > 1, 

e~ ctk a{t k ) > e'^- 1 a(t k -i) >...> e~ ct a(t) > 0. 
Then, since a(t k ) = {v k ■ V^(xfc)} 2 , we have 
(4.5) {v k ■ n(xk)} 2 > Ca(t) > 0, 

for all k > 1, where C depends on t and v. Therefore by Lemma |2"T21 f3). we have tk — tk-i > 
~77tt~ l ~V] — n • From this we can conclude that the summation over k is finite. 

C(t,v) \v\-* 

Now, since e l/ ° t |j/i e || 00 and sup t>s 1 _ \h £ (t, x, v)\ are uniformly bounded for all e: 
e^H^Hoo < HM001 SU P \h £ (t,x,v)\< sup \h E (t,x,v)\ < HftoHoo, 



we can construct the solution h to (|4.4|) with the original specular reflection boundary condi- 
tion by taking weak-* limit: h(t, x, v) = lim e h £ (t, x, v) and h 7 (t, x, v) = lim e h^t, x, v). We 
thus deduce our lemma by letting e — > 0. Once again, such a solution h(t, x, v) is necessarily 
unique in the L°° class because / 7 = £ Lf oc (L 2 '(7)) . □ 
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Lemma 4.4. Let £ be convex. Let ho be continuous in fix K 3 \7o and q(t, x, v) be continuous 
in the interior of [0, oo) x fl x xK 3 and 



sup 

(0,oo]x£2R 3 



q(t,x,v) 



< oo. 



v™(t,v, x) 

Assume that on 7_, ho(x,v) — ho(x, R(x)v). Then the specular solution h(t,x,v) to 
(4.6) {d t +v-V x + v™}h = q, h(0,x,v) = h {x,v) 

is continuous on [0, oo) x {f2 x R 3 \7o}. 

Proof. Take any point (t, x, v) [0, oo)x7o and consider its specular back-time [X c \(s), V c i(s)]. 
By repeatedly applying Lemma [2.11 and Lemma \2. 21 it follows that tk(t,x,v),Xk(t,x,v) and 
v k (t, x, v) are all smooth functions of (i, x, v). We assume that t m+ \ < < t m , then h(t, x, v) 
is given by 

h(t 7 x, v) = e^ v ^- x -^h a (x m - t m v m ,v m ) 

/ e- v <*-'' x > v )q(8,x k + (8-t k )v k ,v k )d8 



(4.7) 

fc=o ■ ,Zk + 1 



e~ 

o 



V(t s ^^) g ( Sj2 ; m + ( s _ t m )v m ,v m )ds, 



where we used the following simplified notation for t G [t k+ i,t k ]: 
V(t,x,v) = ^(x,v)(t-t 1 ) + ^{x 1 ,v 1 )(t 1 -t 2 ) + 

' ' ' ~\~ V (Xrn— 1 , Vyji— 1 ) (i m _i ^m) ^ (x m , V m ^)t m . 

For any point (t, x, v) which is close to (t, x, v), we now show that hit, x, v) is close to h(t, x, v) 
by separating two different cases. 

Case I: t m+ i < 0: or equivalently, x m + (s — t m )v m 6 i7, away from the boundary. By 
continuity, t m+ \ < 0. Therefore, we have 

h(t,x,v) = e~ V ^' x,v 'ho(x m -t m v m ,v m ) 
m-i -t* 

+ E / e- v (*- s '^)g( S , i fc + («-f*)«* s « fc )d« 

I n « tfa-4-1 



(4.8) 



with 



e -V(t-s,t,n)^ S) + ^ s _ t m )v m ,v m )ds, 

o 



V(i,x,u) = i/ ro (i,z;)(f-ii) + v m (xi,Vi)(ti - t 2 )+ 

' ' * ~l~ ^ {Xm,— 1 7 — 1 ) (^m — 1 twi) ^ [Xmm Vm ^)tjn- 

Therefore, h(i, x, v) — > h(t, x, v) follows from the continuity of tg — ¥ tg, xe, — > xg, vg — > vg. 
Case II: t m+ \ — 0:, or equivalently, x m + (s — t m )v m £ dil. From (|4.5j) . (x k +iv k ) 70- 
Then by continuity, we know that t m > 0, and i m +i is close to zero. However, if i m +i > 0, 
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then i m+ 2 < 0, due to t m +2 < t m +i = 0. Therefore h(i,x,v) is given by 
h(i,x,v) = e~ v ^- x - v) h (x m+ i -t m+ iv m+ i,v m+ i) 

m rh 



J2 _ e- v ^- s ^q(s,x k + (s- i k )v k ,v k )ds 

1 n J tfc-t-1 



k=0 rflfc +i 



+ 1 



e v(t s ' x ' v 'q(s,x m+ i + (s -t m+1 )v m+1 ,v m+1 )ds, 



V(t,x,v) = v m {x,v)(i-i 1 ) + v™{x 1 _,v 1 )(i 1 -t 2 )+ 

' ' ' + ^(^ni! V m )(t m — t m+ i) + V™ '(x m+ i, V m+ i)t m+ i. 



(4.9) 



with 



We notice that since t m +i — > 0, the g-integrals of (|4.9|) tends to the q- integrals of (|4.7|) because 
of V(i, x, v) —> V(t,x,v) and J Q m — J t m +1 - On the other hand, since 

Xm+l — t m +lV m +l —> X m +1, Vm+1 —> "m+1 = R(x m )v m , 

we have 

ho(£ m +i - i m +iVm+i,v m +i) -> ho(x m+1 ,R(x m )v m ) = h [x m ,v m ) 
from ho{x, v) = ho(x, R(x)v) on 7. We thus complete the proof. □ 

4.1. det{||j} near dCl. We now compute det{^^} for carefully chosen specular back-time 
cycle near the boundary dfl. Given small Eq, we choose v% such that 

M=e , ui-n(a;i)= iy^Jj = £ o- 
We shall analyze the specular back-time cycle of (0,Xi,vi) : (t kl Xk,v k ). Lettting 

( ~ \ 

V * =i / 

Proposition 4.5. [12] For any finite k > 1, 

|1 = * y + C(fc)^(^i)" £ (^i) + O(e ). 
where O depends on k and £ is defined as £(1) = 0. 

fc-2 fe-2 

C(fc) = 4^(-l) fe -f +1 + 4^(-l) fc -f- 1 C(p) + 2 + 3C(fc - 1), /or fc > 2. 

p— 1 p— 1 

In particular, £(t) an even integer so that 

det ={C(fc) + l} + O( £0 )^0. 
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4.2. L°° Decay for U(t). From Duhamel's principle, we have 



h(t) = G(t)h + / G(t - s)K^h(s)d Sl 



G(t)h + I G(t-a 1 )^G(a 1 )h{a 1 )da 1 

ft fS\ 







+ f f 1 G{t~ Sl )K x w ^G{ Sl ~ s)K*>™h(s)dsds 1 
Jo Jo 

Therefore, h can be written as follows 
h(t, x, v) = e- v ^h o (X cl (0), V cl (0)) 

+ e -V(t-»i,x,t.) j ^*( s i) (y cl (s 1 ), «') e - v { s ^«'( Sl )- B '/i (^ 1 (0), ^(0))*' 
Jo Jo Jb b 

x K^f^(V cl (s 1 ),v')K^f^ s \v^(s),v'')h(s, X' cl (s),v")dsds 1 dv'dv". 
= (A)^ + B ru + C m . 
where the back-time specular cycle from (si,X c i(si),v') is denoted by 

(4.10) X' cl (s) = X cl (s;s 1 ,X cl (s 1 ),v'), V^ = V cl (s;s u X cl ( Sl ),v'). 

More explicitly, let t k and t' k be the corresponding times for both specular cycles as in (|4.2p . 
For t k+1 < s <t k , t' k , +1 <s< t' y 

X 'cl{ s ) = X x i(s;s 1 ,X cl (s 1 ),v') = x k , + (s - t' k ,)v' k ,, 

where 

x'k> = x c\(t k > : si,x k + (si - t k )v k ,v'), v' k , = V c \(t k > : si,x k + (s x - t k )v k ,v'). 
The collision frequency V is defined as in the proof of Lemma 14.41 
V(t,x,v) = v^{x.,v){t~t 1 ) + v tu {x 1 ,v 1 ){t 1 -t 2 ) + 

• • • -\- V {Xm—li Vm—l ) (trn—1 ^m) ~h ^ (<^m ; ■ 

Recall 

(4.11) a( S ) = C 2 (X( S )) + [V(x) ■ Vax(s))} 2 - 2{V(s) ■ £(X{s)) ■ V(s)}£(X(x)). 
We are now in a place to state the main theorem of this section. 

Theorem 4.6. Assume u>~ 2 (l + \v — zu x x\) G L . Assume that fl satisfies the geometric 
assumption (A) and the mass, angular momentum and energy are conserved as in hi. 10) ). 
Then there exists a unigue solution f(t, x, v) to 

{ dt + „ . + v» - if—}/ = 0, /(0, v, x) = f Q , 
f(t,x,v)\ 1+ = f(t,x,R(x)v)\ y _. 
and h(t,x,v) — U(t)ho to the weighted linear Boltzmann eguation: 

{dt + v ■ V x + - K%*}{U(t, 0)h } = 0, U(0, 0)h = h , 

(4.12) {U(t)h }(t,x,v)\ 7+ = {^(i)fto}(t,x,i2(aj)»)| 7 _. 

Moreover, there exists < A < Ao such that 

svLve M \\U(t,0)hoU<C\\ ho\\oo 

t>0 
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For the proof of the theorem, we need the following two technical lemmas. The proof can 
be found in [12] . 

Lemma 4.7. Assume that there exists A > so that the solution f(t,x,v) of the linearized 
Boltzmann equation i3. 1}) satisfies c xt \\f(t)\\ < C||/o||. Let ho — wfo € L°° and h(t) = 
U(t)ho — wf(t) is the solution of \4-l>ty where w~ 2 € L . Assume there exist Tq > and 
Ct > such that 

(4.13) \\U(T )ho\\ao <e- ATo ||/i ||oo + C To f ° \\f{s)\\ds. 

Jo 

Then we have for all t > 



supe At ||Z7(t,0)/i |U < C||/i ||oo. 

t>o 

Proof. See [12] . 

We now define the main set: 

A a (x,v) = Ux,v):xeQ, ^ < M < 2N, and a(x,v) > 

Lemma 4.8. Fix k and k' . Define for t^+i < Sj < tf. and s G R 

'd{x' k , + (s-t' k ,)v' k ,} 



□ 



J = Jk.k' (t, x, v, Si, s, v ) = det 



dv' 



For any e > sufficiently small, there is 6(N, e, To, k, k) > and an open covering U™ \B(ti, Xi, 
r i) °f [0,7o] x A a and corresponding open sets (with Xi £ Q) Ot itXi ,vi for [ffc+i + £,tk ~ e] x 

\Jk,k'(t,X,V,St,8,v')\ > S > 0, 

/or < i < T Q , (x, v) € A Q and (si, s, i/) in 

Ot, Xi , Vi n [t fe+1 + £) i fe - £ ] x [0,T ] x {|„'| < 27V}. 
Proof. See [12]. □ 

Proof of Theorem I4.6t We first notice that there exists a constant v$ such that v$ < 

v(x,i, Vj) and 

-V(t, x, v) < -v (t - *i) - v (ti -t 2 ) v Q {t m -x - t m ) - v t m 

= -vat. 

From this, the estimates for (A) m : 

(A) m <e-^\\h \\oo. 

For the second term 23 ro in (|4.10p . we note that H-K^'^/illoo < C||^||oo- Then by Lemmaf 



B^ = 



< 



[ G(t- Sl )K^ x G( Sl )h Q d Sl 
Jo 



< Cte-^WhoWoo. 

We now concentrate on C ro lA a - For this, we divide A a into the following two cases. We 
suppose TV is large enough such that 

(4.14) N > |n7|max|x| 
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Case 1: For {\v ~ w x x\ < 37V} n {\v' - vo x x\ > 6N}nA a or {\v'-w x x\ < 67V}n{|u A 
ru x x\ > 97V} n A Q . 

For the first case, we recall \v\ — \V c i(si)\ to see 

\V cl ( Sl )-v'\ > \ v '\-\V c i( Sl )\ 
= W\ - \v\ 

> |t> — vj x a;| — \v — vj x a; I — 2\w\ max |ir| 

x£f! 

> 67V - 37V - 27V = TV. 
In a similar way, we have for the second case 

\V^(s)-v"\>N. 
Therefore either one of the following are valid correspondingly: 

\KZ?«M(VM, v')\ < e-i N2 \K™f^\V cl ( Sl ), v')\e^ v ^-^ 2 , 
'•" \K%f° l{s) (V^(s), v")\ < e-i N2 \KZ Klis) (V^(s), «")| e *I^WT. 



From Lemma [231 

' \K^ x * {si) (Vd(*i),«') let 1 ^ 1 ^ 1 )-'"' 12 ^' < oo, 
|X^' (S) lefl^W-""! 2 ^" < oo. 

Using this, we split the estimate as follows 




<C 



K 



'0 JO 

sup 



\V ■ 

\\U(s, O^olU jsup j K^^\V c i{ Sl ), v')dv' 



\v-zuxx\<3N, l\v'-zuxx\<6N, 
v'— ?xxx\>6N \v"— ttXx\>9N 

t rSi 



KZ Klis) {V^(s), v")dv" 

<C StK e-i N2 f f \-Mt->) || U( S ,0)h \\ oo dsd Sl 
Jo Jo 

<C e>J re-f Jva Hup{e*'||tr(8,0)/io||oo}. 

s>0 

Case 2: {]«' -roxi|< 67V} n {\v" - vj x x\ < 97V} n A a . 
We have from |Ki(si)| = |v| 

\V cl ( Sl ) - w x X cl ( Sl )\ < |Ki(si)| + M|X cl ( Sl )| 

< |f | 4- max |x| 

< \v — vo x x\ + 2|ro| max |x| 

< 37V + 27V = 57V. 

Likewise, 

|^,(s)-ti7X^( ai )|<8JV. 
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We can choose K^j^(v,v') smooth with compact support such that 

sup / \KZ x ( P ,v')-K%> x (p,v')\dv'<± 

x£Q, J\v'—caxx\<5N jv 

(4.16) I— 1^ 

sup / \K^(p,v')-K^ x (p,v')\dv' <-. 

i£f!, J\v'-ruxx\<8N iv 
|p— roxx|<6JV 

We use this to obtain the following splitting: 

= {K^ x ^(V cl ( Sl ),v') -K^ x ^ 3l \v d ( Sl )y)}K^ X ^ s \v^s),v'') 

+K™f^(V cl ( Sl ),v') {iC^ l(s) (V c y(s), v") - K^ s) (V^(s), v") } 
+ ^,a ci(si) (Ki (ai)> V > )K ^KM (Ki(s); „«) . 

We can use the approximation (|4. 16[) to estimate as 



Ce 2 r fan "i 
C ro lA„ = — ^ — supje 2 ||J7(s,0)/i ||oo] 



x < sup 

( v J\v'-X cl ( Sl )\<5N 

+ sup / w")dv"l 

u' ■/ i>"-rox X^(s)\<8N J 

V^x,|< 6 ^ e ^ 0( " S) ^^ ,(S1 H^( S l),«')^'^ (S) (K,( S )/. 
|i/'-OTXx|<9iV 

x \h(s, X' cl (s), v")\dsds\dv' dv" 
Ce 2 



L/C 2 f mi 1 

< — j^- sup {e—\\U(s, OjftolU) 



t/' — toX:e|<9./V 

where we used the boundedness of 

,Xcl(il) (K,( Sl ), t/)j#*- w (k'i(s), »") . 

We further divide the estimate as 

' ' \ r; (| , iVi e-""" i , | />(>>'■ A"p|(>-). r" )\dr'dr" dxydx 

\v" -vjxx\<9N 



a(X c j(s 1 ),v )<e / a(X c i(si),w )>e 

|t/ — roxx|<6JV,|«" — raxxl^gJV |«' — mxx|<6JV,|t/' — <cuxx\<9N 
= h+h- 
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In the case a(X c \(si),v') < e, £ 2 (X c i(si)) + [v' ■ V£(X c i(si), v')] < e. Hence for small e, 
X c \(si) ~ dfl and |V^(X c i(si))| > \. The first term I\ is bounded by 



h = C N f f 1 e-^-^HM^IIoodattei / 
Jo Jo 7, 



a(X c i(si),i;')<£ 
roxs|<6Af, \v" — zoy.x\<9N 



< C^supe-r^llfcWIU / | ^ ^, 1 



< Cjv sup e-^ {t - s) \\h(s)\\ 



| u ' — zd x x | < 6 TV , | v " — vo x x I < 9 N 



t>s " ^ ' — ,/|fr'-*>xX, 1 ( J i))- TvtT^O l ' , 

WXa;|<6iV,|i/'— n7Xx|<9JV 

^Cjvesupe-^^H^IU, 

t>s 

where we used the rotational symmetry: 

u; x X c i(si) • w r, = 0. 

|V^(X c i)(si)| 

On the other hand, to estimate I2, we first note that 

\v'\ < \v' - w x x\ + \vu\ max < 77V, 
sen 



<£ 



(4.17) 

v ' \v"\ < \v" -w x x\ + |ro|max|a;| < ION. 

From (|4.17p , we can write I2 as 

h<C N I e- v ^- s h Aa \h(s,X' cl (s),v")\dv'dv"d Sl ds, 



a(X c i(si), !)')>£ 
|t/|<7JV,|u"|<10iV 
tk(v) rt'W) 



ftk\y) ft (v ) r 

/ / / 



(X CI ( S1 ),V')>£ 

v'\<7N,\v"\<10N 



l Aa e-^-^\h(s,x' k , + (s-t' k ,))v' k „v")\. 



Therefore, in a small velocity regime, the rotation does not have big effect and we can consider 
this problem as in [12]. We now study x' k , + (s — t' k ,)v' k ,. By repeatedly using Lemma |2~T1 wc 
deduce for (t, s, v) <E A a and a(X(si), v') > e, \v'\ < 7N: 

a(t t ) = {ve -n xe }> e-^ N -^ To a( Sl ) > Ct , S ,n > 0; 

a(t' e ) = {v' e -n x ,}>e~( c z N -^ To a(X cl ( Sl ),v')>CT a ,z,N,e>0. 

Therefore, applying Lemma |2"T21 (3) yields 



te+i> — t^—, t e -t e+1 > 



N.E 



N 2 , »£ "£+1 - ^2 ' 

So that 

lyys T N 2 

fc S 7; = Ot ,£,JV, « S 7; = <-^T ,f,Ar, e . 

^To,e,N ^To,e,N,e 

We therefore further split the si-ingegral as 

c k , N f h f , £ /* i^e-^(*- s )|M s ,4' + («-^))^.w")l 

tfc+1 |«"|<10jV k<C To , e>N , Jt 'k'+i 
k <Ct ,e,n 
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rtk— e 




/ + 


i, + 


^ tfe + 1 



Since J t / = Jg 1 , the last two terms above make small contribution as 

eC KtN sup e-^(*- s )||/ l ( S )|! oc [ T ° f = eC K , N sup e-*(*-)||M*)|| 



0<s<t Jo J \ v 'p 7N ' 0<s<t 

\v"\<WN — 

For the main contribution f t * ^ +s , we fixed both k and k' . By lemma on the set O^. x . v . D 
[tk+i + £ : tk — e] x [0, T ] x {\v'\ < N}, we can define a change of variable 

W = 4' + (S - 4'K': 

so that 

dGt (tST") > <5w - T °' e ' fe ' fc '- 

On 0£ iX . n[< fe+ i+£,tfc-e] x [0,T ] x {|u'| < N}. By the Implicit Function Theorem, there 
are a finite open covering U^V, of O c t . x% v . n [ife+i + e, — e] x [0,T ] x {|v'| < N}, and 
smooth function i*j such that v' = Fj(t, x, v, y, si, s) in Vj. We therefore have 

E /' / /" 

i.^r< ->t k+1 J\v'\<ZN Jt' . ,^ 

<Ct ,6, Af 

u^r< J*fc+i J «' <37V Jt ' , . ;Kr Jt k+X J\v' \<3N Jt'., , , 

k'<C Ta ,E.N k'<C- 
= 1 + II. 

Since J2k' It' k ' ~ Jo* — Ia° ari ^ l^t*.»*."il < e ' we nave from Lemma|4 

I < C , Ar e e~~ t sup{e~ s ||/i(s)|| 00 }. 

S 

To estimate /J, we change variable v' — > yw — x' k > + ( s ~ ^k') v 'k' on eacn Vj to get 
C e , N f f f k(V ] e^-^lh^x',, + (s- t k ,))v' k „v")\dsdv'dv" 

JVj J\v"\<AN Jt' k , 

<C e . To .N I \ \ l x ' +( s _ t ' e n e~ Wo(t_s) |ft(s,4, +(s-tfe,))ufe,,«'0|dsdsiduW' 

'Vj J\v"\<4N J0 



<C s , To<N r I I l ye cie- v ^\h{s, W ,v")\ \- 



JVj J\v"\<4N 



t fSl 



det 



dyk'dv" dsds 



< / / " e~ vat I lyea ^ I I h 2 (s,y,v")\dy\" dv"dsds 

" h Jo J\v"\<4N Un 



< Ce.T ,N,k.k> / ||/(s)||ds, 
JO 
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where / = We therefore conclude, by summing over j, k and k', and collecting terms 

\\h(t, x,v)l A J\oo < {1 + Cifi}e^°'||/io||oo 
(4 18) f c 1 f* 

+ \jJ + Cn,tA SUp e^*- S )||Ms)||oo + Ce.jv.To y ||/(*)||ds. 

Estimate of /i(t, s, u): We now further plug (|4.18[) back in h(t, x, v) — G(t, s)ho + J * G(t 
si)K%£h{sx)dsi to get 

(4.19) ||/i(t)|U<e- !/ot ||/ l o||cx>+ / e-^-^WK^hWMds. 

Jo 

But {K%> x (v,v')h}(si,x,v) = J K™> x (v,v')(v,v')h(v,v')dv' and we split it as 

K%< x (v, v')h( Sl ,x, v'){l - l Aa{x>vl }dv' + J K™< x (v, v')h( Sl ,x, v')l Aa{xy) dv'. 
The first term in bounded by 



l«'l<* 



1>-^ x1 >n\ K Z X M\M+ / \KZ*(v,v')\dv> \m Sl )\u 



The first term is obviously o(l).From a(x,v') < jj, we have £ 2 (x) + [v' ■ V£(x)] 2 < jr. 
Therefore, for AT large, we have x ~ dfl. On the other hand, we have |V£(x)| > \ and the 
rotational symmetry assumption implies w x x ■ = 0. Therefore we have 



/ \K^(v,v')\dv' < [ 



\Vn(x)\ 

\K™>*(v,v')\dv' 



\K^(v,v')\dv' 

= 0(1) 

as N — > oo. We apply (|4. 18f) to the second term to bound ||iCS'' !B (si)|| Q as 
{1 + C^}^ ' II Moo + f o(l) + § + Cjv.tj } Bupe^(*-)||M*)||oo + C e ,i\r,T / ||/(»)||*». 



N 

Hence, by f|4. 19[) . ||/i(i)||oo is bounded by 



o 



-vat I 



e- l ' ot ||Moo+ / e-*{l + Cjr«i}||/io||oo 
Jo 

+ l {{ O ( 1) + ^ + CN < T °^ 8 ^ e ^ (t ~ S) ^ h{s) ^ + C ^ N ' T °J Wf( s )\\d^d Sl 
<{l + C J ft 2 }e-* t ||/» ||oo + C jo(l) + ^ + C^ To , £ | sup {e^ ( ^ s) ||^( S )||oo} 



C e , N ,n / II /(«) 11^. 



We choose T large such that 2{1 + CWT 2 }e~TT = e~ AT °, for some A > 0. We then further 
choose TV large, and then e sufficiently small such that (o(l) + % + Cn,t ,e} < \- We then 



ROTATIONAL LOCAL MAXWELLIAN 



31 



have 

sup 

0<s<t 

Choosing s = t = Tq , we deduce the finite-time estimate (I4.13|) , and our theorem follows from 

□ 



{eTf'HM^Iloo} < 2{1 + C K 1?}\\ho\\oo + C Tn f \\f{s)\\ds. 



Lemma 14.71 

5. Nonlinear exponential decay 
We consider the following iteration: 

/ h m h m 

h m+1 {t 1 v 1 x)\ 1 _ = h m+1 {t,v,R(x)v)\~ (+ , 
h m+1 (0,x,v) = h (x,v), 
h°(x,v) = 0. 



By the Duhamel Principle 



,m+l 



u{t)h + / u(t-s)w a r 



We take L°° norm on both sides and apply Theorem 14.61 to obtain 

(5.1) ||^ m+1 ||oo<Ce- At ||/io||oc + 

We observe 



{s)ds. 



/ U(t-s)wT , (s)ds 

Jo \wwj 



U(t-s) = G(t-s)+ / G(t-s 1 )K^' x U{s 1 -s)ds 1 



to get 



(5.2) 



U(t — s)w^T 



h m h m 



G(t - s)w m T 



{s)ds 
h m h m 



-!' 

Jo 

rt ft / , m urn \ 

+ / / G(t-s)K™' x U(si-s)w w T[ , )d Sl ds 

Jo Js \W m ) 



= h + h- 

We can estimate 1\ using Lemma 12.51 as follows 

* / h m h m \ 
G(t — s)u> ro r , I (s)ds 



V(t- 



-) j^r(^— ) \( s ,x( s ),v( s ))ds 



<Ce-^ l \ sup e^ s \\h m (s)\\, 

Lo<s<oo 

On the other hand, for any given initial datum ho, We define the semigroup U(i)ha as the 
solution operator solving the following initial boundary value problem: 



d t + v ■ W x + - K™' x 



7 /y/l + \v-vjxx\ 



{U(t)h } = 0, 
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U(t)h (t,x,v) = U(t)h (t,x,R(x)v), 
U(t)h = ho, 



where ho — 



ho 



Direct computation shows that yl + \v — vo x x\ 2 U(t)ho solves 



the original linear Boltzmann equation (13.1| . Therefore, we deduce from the uniqueness in 
the L°° class: 

1 



u(t)ho = vT+l v — w X x\ 2 U(t) 



, yj\ + \v — w x x\ 2 
Therefore, we can rewrite K™< x U{s\, s)wT (^-, (s) to get 

ft ft / , m um\ 

/ / G(t-s)K^U(s 1 -s)w a T(—, — )ds 1 ds 

JO Js W m J 



V(t-.x,*,«) J / K ™f^\V cl ( Sl ),v')Wl + \v'-mx X cl { Sl )\ 2 }dv> 



U(t)( Sl - s) 



h m ¥■ 



V'l + \v' - w x x\ 2 \w m w 
Since w~ 2 (l + \v — w x x|) 3 € L , the new weight 



ds\ds. 



(1 + \v-vj X x\) e L 1 



so that Theorem 14.61 is valid for U. Since , t/< -" = < C„, from the proof of Lemma 
[ K™f^(V cl ( Sl ),v')Wl + \v>-vax X cl ( Sl )\ 2 }dv' < +oo. 



Hence, the integral can be estimated as follows 

ft rt 



Js 



-V(t — s± ,x,v) 



U(t)( Sl - s) 



h m h m 



< C 



y/1 + \v' — TZJ X x\ 2 

"^Wh^Wldsids 



dsids 



<Ce-- l \ sup e^ s \\h m {s) 

v0<3<OO 



This implies that 



sup {e^ s ||/i m (s)|U} < C\\ho\V 

0<t<oo 



for 1 1 ho | |oo sufficiently small. Moreover, substracting h m+1 — h m yields 
{d t + v ■ V x + v w - K%< x }{h m+1 - h" 1 } 



(5.3) 



' m+1 l m 



h rn _ h rn-l 



m—X um — l 



rz 



-,m — 1 L.m—1 lyfn 



We can bound ||/i m+ — ft. m ||oo as in the previous estimate to obtain: 



C 



U {t - s)w zn T z 



m um — l urn 



h m -h 



(s)ds 



+c 
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t / um-1 um-1 _ um\ 

U (t - s)w^T™ , (s)ds 



oc 



< Csapie^iWhTWWoo} + ||h m - 1 ||oo}e- At sup{e As { \\h m (s) ~ tf^OOIloo}}. 

s s 

Hence h m is a Cauchy sequence and the limit h is the desired unique solution. 

The continuity, positivity and the uniqueness of the solution can be derived by the similar 

argument as in |12) . Therefore we omit it. 

Appendix A. Proof of Theorem 11.21 (1) 

In this appendix, we consider the derivation of the rotational local Maxwellian. This 
proof basically relies on the argument of [12] , Suppose the following general form of local 
Maxwellian 

(A.l) H( X , V, t) = e a(*,t)+Hx,t)-v+c( X ,t)\v\ 2 

satisfies the Boltzmann equation (jl.ll) . Substituting (|A.1|) into (jl.lj) and using Q(fi, fi) = 0, 
we obtain 

d t fi + v ■ V/i = 0. 

This leads to the following system of equations for a, b and c for (t,x) £ [0, oo) x fi: 

d x .c = 0, i=l,2,3, 
d t c + d Xt b l = 0, t = l,2,3, 
i>, b* I i>, V 0. i^j, 
d t b l +d x% a = 0, £=1,2,3, 
d t a = 0. 

This system gives a general form of a,b,c ( Lemma 6 in |12|): 

(A 2) [l(t X v) = e ( E §-\ x \ 2 ^ b <>- x + a o) + (-cotx-c 1 x+ujxx+bot+b 1 )-v+(^-+c 1 t+c 2 )\v\ 2 

for some constants ciq, bo, b\, cq, c\, C2 > 0. From the specular boundary condition: 

(i(t,v,x) = fi(t,x, R(x)v), 
we have for all x £ <9f2 and t £ R + 

(A. 3) {— cotx — c\x + td x x + bot + 61} • n(x) = 0, 

which implies 

c = ci = b a = 0. 

Hence (|A.3|) reduces to 

(A.4) {zu x x + bi} ■ n(x) = 0. 

We now decompose b\ as 

bi = Pi\ — r + P%rj, where \r}\ = 1 and 77 _L zu. 
\zu\ 

Then i) = {yX))}Xy, Therefore, we get 

w { w X 

h = /3i-j — r +fa < t— 1 x r] > x ro 

M LM J 

= Pi -j r — Xo X ZU, 

\zu\ 
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where xo — — f3 2 t^t x 77. By plugging 61 back into (|A.4|) . we obtain 
(A. 5) — r • n(x) + w x (x — xo) • n(x) = 0. 

\U7\ 

We now choose x' such that £(sc') = min^wo c<7 ■ a;. Then the Lagrangi Multiplier theorem 
implies there exists a constant A such that vo = Xn(x'). Setting x — x' in (|A.5|) . we obtain 
(3 1 = 0. Therefore, we have from (|A.5|) 

nj x (x — xo) ■ n(x) = 0. 

We now claim that w x xo — 0. We first note that (|1.3[) leads to 

(A. 6) XlTT-2 — = 0, 

which implies 

{xi,X2)//{ni,n2)- 

Therefore, we can choose z, a and z after translation in z axis, if necessary such that 
(A.7) n((0,0,z)) = (0,0,1), n((o,0,0))= (1,0,0), »((0,6,0)) = (0,1,0). 

Plugging (|A.7|) into (|A.6|) . we have 



G01X02 


— VO2X01 


= 0, 


ZV2X03 


— '00 3 Xo2 


= 0, 


■071X03 


— -073X01 


-0, 



which is equivalent to 

VO X Xo = 0. 

We therefore have 

= 00 x (x — xo) ■ n(x) = vo x x • n(x). 

Now, to derive additional information on w, we perform explicit calculation using (TOt to 

see 

w x 1 ■ n(x) = U7i(x 2 n 3 - x 3 n 2 ) - ru 2 (xin 3 - X3TI1) + w 3 ( xin 2 - x^rix ) 

=0 

= l/x\{nix 3 - n 3 xi){voiX2 - oo 2 Xi). 

Hence we have either -001X2 — 072X1 — or 77,1X3 — 77,3X1 = 0. 

(i) The case of w\X2 — VO2X1 = 0: The only way this identity to be true is 

■co 1 = W2 = 0, 

which leads to 

(ii) The case of 711X3 — n 3 a;i = 0: Together with (|A.6[) . we have for x\ 7^ 
(A.8) n(x) = — (xi,x 2 ,x 3 ). 

Xi 

Hence we have 

2 

l = \n{x)\ = r ^{x\+xl+x 2 3 ). 
x 1 

This gives 
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We then put (|A.9I) back to (|A.8|) to get 

, , (xi,x 2 ,x s ) , x 

n(x) = ± = ±-— -, 

^Jx\+x\+x\ \x\ 

which implies that f2 is a sphere. 

In conclusion, a Maxwellian solution (IA.2I) to the Boltzmann equation in a rotationally 
symmetric domain endowed with the specular reflection boundary condition reduces to the 
following form: 

H(x,v) = e °o\v\ 2 +u>Xx-v+a ^ 

where wi = ll>2 = except for the case of f2 = S 3 . 
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